Abstract. We show how a Brownian motion on a short scale can originate a relativistic motion on scales larger than the particle's Compton wavelength. Thus, Lorentz symmetry appears to be not a primitive concept, but rather it statistically emerges when a coarse graining average over distances of order, or longer than the Compton wavelength, is taken. We also present the generalizations needed to accommodate in our scheme the doubly special relativistic dynamics. In this way, a previously unsuspected, common stochastic origin of the two frameworks is revealed for the first time. Issues such as generalized commutation relations are also discussed.
Introduction
Lorentz symmetry (LS) is one of the cornerstones of contemporary physics. Up to now LS has been confirmed to unprecedented precision, and during the last century it has powerfully constrained theories in a way that has proved instrumental in discovering new laws of physics. Moreover, the mathematical structure of the Lorentz group is compellingly simple and elegant. It thus seems natural to assume that Lorentz invariance is an exact symmetry of nature valid for an arbitrary boost. Yet, in the last years several research lines have pursued the aim to reduce Lorentz invariance from a fundamental symmetry down to an emergent phenomenon. From a purely conceptual standpoint, the most cogent reason is that an infinite volume of the Lorentz group is experimentally untestable (since, unlike the rotation group, the Lorentz group is noncompact). Why should one then assume that the exact LS holds when this hypothesis cannot be tested, not even in principle? Recent developments in quantum gravity point to a breakdown of Lorentz symmetry at some critical energy or boost. Seed of this has been hinted already in quantum field theory where both the ultraviolet divergences and Landau poles are direct artefacts of the assumption that the spectrum of field degrees of freedom is boost invariant. However, in quantum gravity the profound difficulties associated with the problem of time [1, 2] indicate that an underlying preferred time may be necessary in order to reconcile gravitational and quantum physics. In particular, general arguments imply that a radical departure from standard spacetime symmetries at the Planck scale is necessary [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . Though, none of the existent reasonings amount to a convincing argument that the LS breaking is an inevitable aspect of quantum gravity but taken together they do motivate serious attempts to address possible observable consequences of a violation of the LS, and to strengthen observational bounds. What should be perhaps emphasized is that the idea of LS violation is not new and it has been considered by a number of authors over the last forty years or so (see, e.g. Refs. [16, 17, 18] and citations therein).
In this paper we will illustrate what quantum mechanics may have to say about the emergent LS in a very simple (but quite generic) setup. In particular, we show that a relativistic quantum mechanics, as formulated through path integrals (PI), bears in itself a seed of understanding how the LS can be broken at short spatio-temporal scales and yet emerge as an apparently exact symmetry at large scales. Our argument is based upon a recent observation [19, 20, 21] that PI for both fermionic and bosonic relativistic particles may be interpreted (when analytically continued to imaginary times) as describing a doubly-stochastic process that operates on two vastly different spatio-temporal scales. The short spatial scale, which is much smaller than the Compton length, describes a non-relativistic Wiener process with a fluctuating Newtonian mass. This might be visualized as if the particle would be randomly propagating (in the sense of Brownian motion) through a granular or "polycrystalline" medium. The large spatial scale corresponds, on the other hand, to distances that are much larger than particle's Compton length. At such a scale the particle evolves according to a genuine relativistic motion, with a sharp value of the mass coinciding with the Einstein rest mass. Particularly striking is the fact that when we average the particle's velocity over the correlation distance (i.e., over particle's Compton wavelength) we obtain the velocity of light c. So the picture that emerges from this analysis is that the particle (with a non-zero mass!) propagates over the correlation distance 1/mc (hereafterh = 1) with an average velocity c, while at larger distance scales (i.e., when a more coarse grained view is taken) the particle propagates as a relativistic particle with a sharp mass and an average velocity that is smaller than c. This bears a strong resemblance with Feynman's chessboard PI for a relativistic Dirac fermion in 1 + 1 dimensions [22, 23] . In passing, we may stress that the outlined superposition of two stochastic processes with widely separated times scales fits the conceptual framework which is often referred to as a superstatistics [24] .
The outlined scenario can be also conveniently applied in various doubly special relativistic (DSR) models. In those models a further invariant scale , besides the speed of light c, is introduced, and is assumed typically to be of the order of the Planck length. In the present framework, the scale can be naturally identified with the minimal grain size of the polycrystalline medium. By following the same strategy as in the special relativistic context, i.e., analysing the structure of paths which enter the Feynman summation, one can again identify correlation lengths, canonical commutation relations and the respective Hausdorff dimensions.
The purpose of this paper is to call attention to such a peculiar behaviour of relativistic PI at short space-temporal scales -a fact already recognized by Feynmann -and bring the ensuing implications to the attention of our particle-physics and cosmology colleagues.
Path integrals and superstatistics paradigm
We will start with the well known fact that when a conditional probability density function (PDF's) is formulated through a PI, then it satisfies the Chapman-Kolmogorov equation (CKE) for continuous Markovian processes, namely
Conversely, any probability satisfying CKE possesses a PI representation [22, 25] . In physics one often encounters probabilities formulated as a superposition of PI's, e.g. Here ω(v, t ba ) with t ba = t b − t a is a normalized PDF defined on R + × R + . The random variable v is in practice typically related to the inverse temperature, coupling constant, friction constant or volatility.
Since the Markovian behaviour is a fundamental component in many statistical models, it is important to know whether alsoP (x b , t b |x a , t a ) can satisfy the CKE (1). The answer is affirmative provided ω(v, t) fulfils a certain simple functional equation. Following Ref. [19] we define a re-scaled weight function
and calculate its (one-sided) Laplace transform
ThenP (x b , t b |x a , t a ) satisfies CKE only if
Assuming continuity in t, w(p v , t) is unique and can be explicitly written as (see [19] ):
A function F (p v ) must increase monotonically in order to allow for inverse Laplace transform, and satisfy the condition F (0) = 0 to ensure that ω is normalized to one. Finally the Laplace inverse ofw(p v , t) yields ω(v, t).
Once the above conditions are satisfied, thenP (x b , t b |x a , t a ) possesses a path integral representation on its own. The new Hamiltonian is given by the relationH(p, x) = F (H(p, x)). Here one must worry about the notorious operator-ordering problem, not knowing in which temporal order p and x must be taken in F . At this stage it suffices to observe that when H is x independent, the former relation is exact. The issue of general H's and the ensuing operator ordering was discussed in detail in Ref. [19] .
Emergent Special Relativity
As an application of the fundamental relation (2), the relativistic path integral for a scalar particle can be rewritten in the form [see also Ref. [19, 20, 21 ]]
where t b − t a ≡ t − 0 = t, and is the generalized inverse Gaussian distribution [26] (K p is the modified Bessel function of the second kind with index p). The structure of (7) with m = m + 1/tc 2 and var(m) = m/tc 2 + 2/t 2 c 4 . As a result one may view a single-particle relativistic theory as a single-particle non-relativistic theory where the particle's Newtonian mass m represents a fluctuating parameter which approaches on average the Einstein rest mass m in the large t limit. We stress that the time t in question should be understood as a time after which the observation (i.e., the position measurement) is made. In particular, during the period t the system remains unperturbed. In this respect the smearing distribution f 1 2 m, tc 2 , tc 2 m 2 represents a temporal coarse-grained distribution for a Newtonian mass -the longer the time between measurements, the poorer the resolution of mass fluctuations. One can thus justly expect that in the long run all mass fluctuations will be washed out and only a sharp timeindependent effective mass will be perceived. The form of m identifies the time scale at which this happens with t ∼ 1/mc 2 . The latter is the time for light to cross the particle's Compton wavelength -i.e., the Compton time t C . The expression for m suggests however also another interesting physical implication. As we have seen, when t 1/mc 2 then m rapidly converges to the relativistic value m, signalling that the motion becomes genuinely relativistic at large times. Note that for t large enough we surely have m > 1/tc 2 which we can read as mc 2 t > 1. The latter means that, for large t, the relativistic Heisenberg inequality for the energy/time variables is satisfied, ∆E∆t ≥ 1. On the other hand, for t 1/mc 2 , the fluctuations of the Newtonian massm around the average m are huge. The motion takes place inside a specific space-grain, and in each space-grain the motion is a classical, i.e. non relativistic, Brownian motion controlled by the Hamiltonian p 2 /2m. There the relativistic Heisenberg uncertainty relation is clearly violated, in fact mc 2 t < 1 (remind that m is the Einstein rest mass). However, if we compute the non-relativistic Heisenberg relation, using the Newtonian massm and the non-relativistic kinetic energy E kin ∼mv 2 , we find
So the non-relativistic Heisenberg relation is not violated, confirming that the motion on short scales is genuinely classical (i.e. non-relativistic, see also [21] ). Until now, we have considered the conventional PI for a relativistic particle in Polyakov's gauge [27] . This has fixed the distribution describing the fluctuations of the Newtonian massm to f 1 2 m, tc 2 , tc 2 m 2 . Reciprocally, the form of the smearing function f 1 2 fixes the gauge, which in this case corresponds to the Polyakov gauge. So the use of smearing functions bypasses the conventional Dirac-Bergman methodology for quantization of constrained systems. In fact, in [21] we arrive at the correct special-relativistic CCR
without using the machinery of Dirac brackets. Fluctuations of the Newtonian mass can be portrayed as originating from particle's evolution in an "inhomogeneous" or a "polycrystalline" medium. Granularity, as known from solid-state systems, typically leads to corrections in the local dispersion relation [28] and hence to alterations in the local effective mass. The following picture thus emerges: on the short-distance scale, a nonrelativistic particle can be envisaged as propagating through a single grain with a local massm, in a classical Brownian motion. This fast-time process has a time scale ∼ 1/mc 2 . An averaged value of the time scale can be computed with the help of the smearing distribution f 1 2 m, tc 2 , tc 2 m 2 , which gives a transient temporal scale 1/mc 2 = 1/mc 2 . The latter coincides with particle's Compton time t C . At time scales much longer than t C (large-distance scale), the probability that the particle encounters a grain which endows it with a massm is f 1 2 m, tc 2 , tc 2 m 2 . We may also observe that the averaged (or coarse-grained) velocity over the correlation time t = 1/mc 2 equals the speed of light c. In fact
So on a short-time scale of order λ C the Klein-Gordon particle propagates with an averaged velocity which is the speed of light c. But if one checks the particle's position at widely separated intervals (much larger than λ C ), then many directional reversals along a typical PI trajectory will take place, and the particle's net velocity will be then less than c -as it should be for a massive particle (see Fig. 1 ). In addition, the time-compounded smearing distribution tends for large times rapidly to the delta-function distribution δ(m − m) thanks to the central limit theorem. This means that the particle acquires a sharp mass equal to Einstein's (i.e., Lorentz invariant) mass, and the process (not being hindered by fluctuating masses) turns out to be purely Brownian. (7) depends on a spatial/temporal scale. On a fine scale (A), where t t C (or λ C ) a particle can be considered as propagating with a sharp Newtonian massm into a single spatial grain with a Brownian motion controlled by the Hamiltonian p 2 /2m. On the intermediate scale of order λ C the particle propagates with an average velocity equal to the speed of light c. On a coarser scale (B) the particle appears to follow a Brownian process with a sharp Lorentz invariant mass m, and the particle's net velocity is then less than c -as it should be for a massive relativistic particle governed by the relativistic Hamiltonian c(p 2 + m 2 c 2 ) 1/2 .
On a speculative vein, one can fit the above observation into the currently much debated emergent relativity theory, i.e. the approach that tries to view either special or general theory of relativity not as primitive concepts but rather as theories that statistically emerge from a deeper (essentially non-relativistic) level of dynamics [29, 30, 31, 18, 32, 33, 34, 15, 35, 36] . All these remarks extend directly also to certain interacting systems (for the Dirac's Hamiltonian see, for instance, Ref. [20] ) At first sight it may seem rather surprising that a LS process may emerge from a superposition of two non-relativistic stochastic processes. However, in many doubly stochastic systems the statistically emergent behaviour has a structure vastly different from those of the respective defining processes. Hydrodynamic turbulence provides an example, where the emergent velocity increments and their ensuing Kolmogorov scaling can be understood as originating from two stochastic processes (energy dissipation and chaotic force) operating on two vastly different time scales, despite the fact that none of the processes exhibits any particular scaling structure [37] . Analogous situations are also known from financial markets, e.g., credit risk models or stochastic volatility models.
In what follows we propose an unifying approach for Special and Doubly Special Relativity, based on the existing laws of quantum mechanics as formulated through PI.
Emergent Doubly Special Relativity
Doubly Special Relativity (DSR) stands among the prominent ideas introduced in physics during the last decade, and also among the most controversial ones. Many foundational issues about this theory are still being debated, in particular for example the multi-particle sector of the theory (the so called Soccer Ball Problem) [38] . An important area of investigation has been that of the relations between DSR and other theoretical construction of modern physics. In a nutshell, DSR is a theory which coherently tries to implement a second invariant, besides the speed of light, into the transformations among inertial reference frames. This new invariant comes directly from the research in quantum gravity, and it is usually assumed to be an observer-independent length-scale -the Planck length p , or its inverse, i.e., the Planck energy E p = c −1 p . Thus, it is not so surprising that the relations mainly studied are those between DSR and various quantum gravity models [39, 40, 41] . In a particularly suggestive approach [42] , DSR has been presented as the low energy limit of Quantum Gravity. Connections between DSR and other theories (non commutative geometry, AdS space-time, etc.) have also been recently investigated [43] .
Clearly, the most important connection is the one between DSR and Special Relativity (SR) itself. However in literature does not exist any conceptually deeper elaboration of this connection, apart form the obvious statement that for energy scales much smaller than E p , DSR should reduce to conventional SR, with leading corrections of first or higher order in the ratio of energy scales to E p . In this respect, the findings of the present paper seem to open up new vistas. In fact, when the microstructure of space-time is considered, then Special Relativity or DSR seem to emerge from particular choices of such microstructure itself, and from a non-relativistic Hamiltonian mechanics.
To extend our reasonings to DSR, we start by considering the modified invariant, or deformed dispersion relation,
proposed by Magueijo and Smolin [44, 45] , in which m plays the role of the DSR invariant mass. Assuming a metric signature (+, −, −, −), we can solve (12) in respect to p 0 , which essentially coincides with the physical HamiltonianH = cp 0 , the generator of the temporal translations in respect to the coordinate time t. Our starting Hamiltonian is thereforē
which we assume as the transformed HamiltonianH(p, x) = F (H(p, x)) entering the proper path integral representation ofP (x b , t b |x a , t a ), see (6) and the comments below [see also Ref. [19] ]. Now, in close analogy with (7), it is possible to show the superstatistics identity (see [21] )
where E 0 = mc 2 /(1 + mc ) is the particle's rest energy [see, e.g., [45] ] and λ = 1/(1 − m 2 c 2 2 ) is the deformation parameter. From (8) , it is easy to see that m = m + 1/(tc 2 λ) and var(m) = m/tc 2 λ + 2/t 2 c 4 λ 2 .
From the structure of m we can obtain further useful insights. Similarly as in the SR framework, the fluctuating Newtonian massm converges rapidly, at long times t, to the SR rest mass m. But this time the rate of convergence is controlled also by the parameter λ.
Reminding that E p = c/ p , we see that λ = 1/(1 − E 2 /E 2 p ). So, m can converge rapidly to the Einstein value m, even at short times, provided that the particle's energy E be close to the Planck energy E p . The correlation distance is now given by ∼ 1/(mcλ), and since λ > 1, then 1/(mcλ) < 1/(mc) always.
It is not hard to show([cf. [21] ) that the PI identity (14) implies the commutators
Here κ = 1/ . The CCR (15) resembles the Snyder version of the deformed CCR associated to the dispersion relation (12) [cf. Refs. [46, 48, 47, 49] ]. To be precise, the Snyder fundamental commutation relation [see Ref. [46] ] in the notation of the present paper (forh = 1, the Snyder fundamental length a ≡ = 1/κ) would read
So the prefactor of the deforming term in the Snyder commutator is a constant related to the fundamental length, while in the DSR commutator (15) the prefactor varies with the Einstein mass of the particle considered. The minimal length interval is typically set to be the Planck length p , or more generally to be the Compton length λ C (which reduces to the Planck length for a Planck mass). For definiteness we will in the following identify with p . In this connection, note that when mc → κ, i.e., when m coincides with the Planck mass, then the CCR (15) becomes non-relativistic. This can also be directly seen from (14), where for m → M p then λ → ∞, and the smearing distribution f 1 2 m, tc 2 λ, tc 2 m 2 λ → δ(m −m), which yields the usual PI for a Wiener process.
Should we have used instead of (12) a different DSR dispersion relation, for example
(which is discussed in Ref. [50] ), we would have obtained results analogous to (14) , although less significant from the physical point of view (see again [21] ). For sake of completeness, we should also note that commutator (15) does not coincide with the corresponding commutator of the Magueijo-Smolin paper [45] , although it comes from the same dispersion relation (12) , proposed in [45] . 
so it predicts the appearance of a classical (non-quantal) world at the Planck scale. On the contrary, when the energy of the particle under boost approaches the Planck value, our commutator (15) becomes
This qualitative difference in behaviour can be traced back to the fact that commutators in (doubly-)special relativity depend on two things; First, the fundamental commutators are essentially the Dirac brackets of the canonical variables. The explicit definition of the Dirac brackets for a specific physical system depends on the choice of a gauge (gauge fixing condition), that is, for relativistic systems, on the choice of a specific physical time. So the commutation relations are generally gauge fixing dependent in both the SR and DSR systems. Second, the fundamental commutator [x j ,p i ] depends (through the Jacobi identities) on the whole symplectic structure of the system (and therefore also on the commutator [x j ,x i ], for example). These are not specified by a particular DSR model, but they have to be chosen aside. Of course, one obtains different theories for different choices of [x j ,x i ].
In our specific path-integral approach, the gauge which is automatically incorporated in the path integral is the Polyakov gauge. We obtain the same fundamental commutator of Ghosh [48] . For Ghosh [48] and Mignemi [51] So, the DSR theory is not only defined by the dispersion relation, but also by the gauge fixing and the choice of the symplectic structure, which is essentially arbitrary. In principle, therefore, only the experiment can effectively discriminate among different models. It should now become clear why our model can produce commutators different from those of Ref. [45] , although both models share the same deformed dispersion relation. As a small further note, we may add that from the Magueijo-Smolin paper [45] it is not clear if the proposed commutators satisfy the Jacobi identities or not (not enough commutators are, in fact, explicitly specified to enable the reader to verify the Jacobi identity).
Discussion and perspectives
In this paper, we have argued that the Lorentz invariance is, in fact, not present at the microscopic level but emerges only as a large distance/low-energy property. We have bolstered this viewpoint by showing that both the SR and DSR systems can be mathematically seen as statistically arising from an underlying non-relativistic Wiener process. Such an emergence results from the superposition of two stochastic processes. On a short spatial scale (much shorter than particle's Compton wavelength) the particle moves according to a Brownian, nonrelativistic, motion. Its Newtonian mass fluctuates according to an inverse Gaussian distribution.
The time-compounded smearing distribution tends, however, rapidly to the delta-function distribution due to the central limit theorem. This happens at the time scale of the order of Compton time, at which the relative mass fluctuation is of order unity. On a time scale much larger than the Compton time, the particle then behaves as a relativistic particle with a sharp mass equal to Einstein's (i.e., Lorentz invariant) mass. In this case the particle moves with a net velocity which is less than c. Here the reader may notice a close analogy with the Feynman chessboard PI. In contrast to the chessboard PI, our approach is not confined to only 1 + 1 dimensional Dirac fermions. The presented concept of statistical emergence, which is shared both by SR and DSR, can offer a new valid insight into the Planck-scale structure of space-time. The existence of a discrete polycrystalline substrate might be welcomed in various quantum gravity constructions. In fact, it has been speculated for long time that quantum gravity may lead to a discrete structure of space and time which can cure classical singularities. This idea has been embodied, in particular, in Loop Quantum Cosmology [52, 53] . A similar proposal was put forward in Ref. [54] in connection with the space-time foam. It should be stressed that many condensed matter systems show that a discrete sub-structure might lead to a genuinely relativistic dynamics at low energies [15] , without any internal inconsistency. A good prototypical example are wide single-layer carbon crystals (graphene), where an effective theory emerges in which conducting electrons behave, at low temperatures, as massless relativistic Dirac fermions with a "terminal velocity" equal to the Fermi velocity in the crystal.
On the basis of these results, two major issues appear worth of further research. First, the rôle of the smearing distribution. In the presented approach, the specific form of the smearing distribution is a mere by-product of the superstatistics PI paradigm. Our heuristic picture of a polycrystalline medium which we affiliate with the smearing distribution is clearly not the only possibility. Furthermore, a deeper understanding of a dynamical origin of our smearing would be highly desirable. In fact, the exact LS is due to a very special form of the Newtonian-mass distribution. The exact LS of a spacetime has no fundamental significance in the superstatistics PI, but it is only an accidental symmetry of the spatially coarse-grained theory. This "fortuitousness" is controlled by a specific form of the grain distribution. In fact, we have seen that a small departure from its shape brings a departure from the LS and leads, e.g., to the DSR. In addition, in Ref. [21] , we have shown that the DSR systems are stable under a small change in the form of the grain distribution.
The second issue concerns the extension of our schema to curved spacetimes. This could be an important step in addressing the issue of quantum gravity. In this connection we may notice a conceptual similarity with the Hoȓava-Lifshitz gravity with anisotropic scaling. There, similarly as in our case, space and time are not equivalent at the fundamental level, and therefore the theory is intrinsically non-relativistic. The relativistic concept of time together with its Lorentz invariance emerges at distances much larger than Compton wavelength.
